Recently, a measurement of the pressure distribution experienced by the quarks inside the proton has found a strong repulsive (positive) pressure at distances up to 0.6 femtometers from its center and a (negative) confining pressure at larger distances. In this paper we show that this measurement puts significant constraints on modified theories of gravity in which the strength of the gravitational interaction on microscopic scales is enhanced with respect to general relativity. We consider the particular case of Eddington-inspired Born-Infeld gravity, showing that strong limits on κ, the only additional parameter of the theory with respect to general relativity, may be derived from the quark pressure measurement (|κ| ∼ < 10 −1 m 5 kg −1 s −2 ). Furthermore, we show how these limits may be significantly improved with precise measurements of the first and second moments of the pressure distribution inside the proton.
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I. INTRODUCTION
Achieving a detailed understanding of the precise nature of quark confinement is one of the main goals of modern particle physics (see [1] for a recent review). In a recent work [2] the pressure distribution experienced by the quarks inside the proton has been measured using deeply virtual Compton scattering [3, 4] . The experimental data [5] , obtained at an electron beam energy of 6 GeV, provided evidence of a strong repulsive (positive) pressure at distances up to 0.6 femtometers from the center of the proton and a (negative) confining pressure at larger distances. This confining pressure is responsible not only for the stability of the proton, but also of most of the elements of the periodic table (which account for the almost entire baryonic content the Universe). The quark pressure measurement also revealed an average pressure near the center of the proton of about 10 35 Pa, which is larger than the estimated pressure at the heart of neutron stars [6] . Moreover, a significant improvement in the precision of the results is expected with new experiments at 12 GeV performed at Jefferson Lab [7] .
In the present paper we address the question of whether these experiments can provide interesting constraints on the properties of gravity on femtometer and sub-femtometer scales. In order to play a relevant role inside the proton the gravitational field strength on such scales would have to be larger, by many orders of magnitude, than the general relativity prediction. This is not a problem on itself, since viable modified theories of gravity in which the gravitational interaction on microscopic scales can be enhanced with respect to general relativity * Electronic address: pedro.avelino@astro.up.pt have been proposed (see [8, 9] for recent reviews).
In this paper we shall focus on Eddington-inspired Born-Infeld (EiBI) gravity [10] (see also [11] [12] [13] [14] ) a formulation of gravity inspired by Born-Infeld non-linear electrodynamics [15] and its solution to the problem of the divergent self-energy of point charges. Although EIBI gravity is equivalent to Einstein's general relativity in vacuum, inside matter the strength of the gravitational field can be much larger than in general relativity. This is due to an effective gravitational pressure [16, 17] , which could potentially be responsible for the avoidance of some astrophysical and cosmological singularities that would be predicted to exist in the context of general relativity [10, [18] [19] [20] . In EiBI gravity strong deviations from general relativity may arise at the extremely high densities attained in the early universe [10, 18, 21] , in the interior of compact astrophysical objects such as black holes [22] [23] [24] [25] [26] [27] and neutron stars [28] [29] [30] , or even inside subatomic particles such as the proton [31] .
The outline of this paper is as follows. In Sec. II we start by considering the role of the pressure inside stable compact objects in the Newtonian limit of general relativity. There, we provide an estimate of the average pressure as a function of the gravitational potential at the surface of compact spherical symmetric objects in hydrostatic equilibrium, discussing the particular case of the proton as well as other relevant examples. In Sec. III we briefly describe the EiBI theory of gravity, giving particular relevance to the concept of effective gravitational pressure which emerges naturally in this theory. In Sec. IV we study the constraints on modified theories of gravity that may be obtained from the recent measurement of the pressure distribution inside the proton, paying special attention to the case of EiBI gravity. We also discuss the improvement of the constraints which will result from precise measurements of the first and second moments of the pressure distribution inside the proton. We then conclude in Sec. V.
In this paper we adopt a metric signature (−, +, +, +). The Einstein summation convention will be used when a greek or a latin index variable appears twice in a single term, once in an upper (superscript) and once in a lower (subscript) position. Greek indices and the latin indices i and j take the values 0, ..., 3 and 1, ..., 3, respectively. We will use angle brackets to denote averages. Except when stated otherwise, we shall use units with c = 8πG = 1.
II. AVERAGE PRESSURE INSIDE COMPACT OBJECTS IN GENERAL RELATIVITY
The average pressure p inside stable compact objects with a negligible self-induced gravitational field is equal to zero. This result may be easily understood by considering the standard energy-momentum conservation law,
in an expanding homogeneous and isotropic FriedmannRobertson-Walker universe permeated with a perfect fluid composed of these objects. Here, a dot represents a derivative with respect to the physical time t, ρ and p are, respectively, the proper physical energy density and the proper physical pressure of the cosmological fluid, H =ȧ/a is the Hubble parameter, and a is the cosmological scale factor. Equation (1) implies that ρ ∝ a −3 if and only if p = 0. On the other hand, in order that p = 0, the compact objects that make up the perfect fluid need to be at rest in the cosmological reference frame, and the average pressure p inside them must vanish. This condition, also known as the von Laue condition, is discussed in depth in [1] -see also [32, 33] for a detailed derivation of this generic result and of its relation to the form of the Lagrangian of a perfect fluid. In the case of a spherically symmetric object of radius r * and mass M * , the vanishing average pressure condition may be written as
where r is the radial coordinate. Let us now consider the case in which the self-induced gravitational field cannot be neglected. In the Newtonian limit of general relativity, a non-relativistic spherically symmetric compact object made of a perfect fluid in hydrostatic equilibrium (e.g. a star) satisfies the equation
with p = ρ = 0 for r ≥ r * and
Taking into account that
and assuming, for the sake of definiteness, that ρ(r) = ρ = 3M * /(4πr 3 * ), the average pressure p inside a compact object may be estimated as
Equation (6) may also be written as
where
is the Newtonian gravitational potential at the surface of the object. |φ * | can vary by many orders of magnitude when one considers objects with various masses and sizes. For example,
where ⊙, ns, and pr represent the sun, a neutron star and the proton, respectively. Here, we have taken the following values, in units of the International System, for the masses and radius of these objects: m ⊙ = 2.0 × 10 30 kg, r ⊙ = 7.0 × 10 8 m, m ns ∼ 1.5 m ⊙ , r ns ∼ 10 4 m, m pr = 1.7 × 10 −27 kg, and r pr ∼ 10 −15 m. The exact preservation of the vanishing average pressure condition, in the presence of a non-negligible selfinduced gravitational field, could be made with the inclusion of an effective gravitational pressure p G term satisfying the equation
in addition to the standard pressure p. The total effective pressure would now be given by
and would satisfy
In the following section we shall come back to the concept of effective gravitational pressure in a less trivial context. Still, the condition p / ρ = 0 is approximately verified, both for the sun and the proton, but specially in the later case. This is to be expected since in general relativity the gravitational field inside the proton is extremely weak to be probed experimentally. Nevertheless, as it will be shown in Sec. III, there are viable modified theories of gravity in which the intensity of the gravitational field can be enhanced by many orders of magnitude on microscopic scales with respect to general relativity. These theories may therefore be probed more effectively through experiments which are sensitive to interactions on such small scales.
In the case of a neutron star, Eq. (2) is never a good approximation. Also note that, due to the strong gravitational field and strong pressure inside a neutron star, the previous treatment is only adequate for estimation purposes. In particular, in a more rigorous analysis Eq. (3) should be replaced by the relativistic TolmanOppenheimer-Volkoff equation.
III. EFFECTIVE GRAVITATIONAL PRESSURE IN EIBI GRAVITY
In this section we shall briefly describe the main features of EiBI gravity, giving particular relevance to the concept of effective gravitational pressure.
The EiBI theory of gravity is described by the action
and it is based on the Palatini formulation which treats the metric and the connection as independent fields. Here, g µν are the components of the physical metric, g ≡ det(g µν ) is the determinant of g µν , R µν is the symmetric Ricci tensor build from the connection Γ, S M is the standard action associated with the matter fields, and κ is the only additional parameter of the theory with respect to general relativity. Without loss of generality we set λ = 1 (the changes associated with a different value of λ can be incorporated into the energy-momentum tensor).
The equations of motion,
may be derived by varying the action with respect to the connection and the physical metric. Here, T µν are the components of the energy-momentum tensor, q µν is an auxiliary (apparent) metric related to the original connection by
q µν is the inverse of q µν , q = det(q µν ), and a comma represents a partial derivative.
Combining Eqs. (14) and (15) one obtains the secondorder field equations
with
Here, G µ ν are the components of the apparent Einstein tensor (analogous to the physical Einstein tensor of general relativity, with the physical metric replaced by the apparent metric), T µ ν are the components of the apparent energy-momentum tensor, and δ µ ν is the kronecker delta. For sufficiently low densities, and if the density field is smooth enough, the components of the physical and apparent metrics are approximately equal, thus implying that the physical and apparent energy-momentum tensors approximately coincide (T
The components of the energy-momentum tensor of a perfect fluid are given by
where ρ and p are the proper physical energy density and pressure, respectively, and u µ are the components of the 4-velocity of the fluid (u µ u ν g µν = −1). If the source of the gravitational field is a perfect fluid then τ , in a frame comoving with the fluid, is given by
In [17] it has been shown that it is possible to write the apparent energy-momentum tensor in a perfect fluid form
where v µ are the components of the apparent 4-velocity of the fluid (satisfying v µ v ν q µν = −1), and the apparent proper pressure and energy density are given, respectively, by
Hence, the apparent pressure is just the sum of the physical pressure with an additional effective gravitational pressure contribution p G+ defined by
Expanding (26) up to first order in κρ and κp, using also Eqs. (24) and Eq. (28), one obtains that
where p G+ is always positive for κ > 0 and always negative for κ < 0.
A. Newtonian limit of EiBI gravity
Consider a time independent metric in the Newtonian gauge described by the line element
In the Newtonian limit of EiBI gravity the equation of motion for the gravitational field is the usual Poisson equation with an extra source term [10] :
Note that Φ = Ψ and p ≪ ρ in the Newtonian limit. Equation (32) may be cast in the usual form,
by defining the apparent gravitational potential as
The gravitational acceleration is given by
The second term on the right hand side of Eq. (32) may now be interpreted as the source of an acceleration associated to the effective gravitational pressure contribution p G+ which, in the Newtonian limit, is just given by p G+ = κρ 2 /8. This term may be responsible, if κ = 0, for a strong gravitational acceleration field associated to small scale variations of the density field (see [16] for a complementary description in terms of a constant effective Jeans length).
IV. SUB-FEMTOMETER CONSTRAINTS ON GRAVITY
In this section we shall investigate the constraints on modified theories of gravity which can be derived from measurements of the proton interior pressure profile, paying special attention to the case of EiBI gravity. We shall consider, in particular, the quark pressure measurement reported in [2] , and discuss the improvements which will result from more precise measurements of the pressure distribution inside the proton. The discussion in Sec. II implies that, in general relativity, the gravitational potential inside the proton is tiny, and may, therefore, be neglected. Hence, we shall assume that the apparent metric is just the Minkowski metric inside the proton.
Following the discussion made in Secs. II and III, let us start by writing the total effective pressure inside the proton as
As shown in Sec. II, p G is negligible inside the proton. Hence, p T ∼ p + p G+ . On the other hand, since
the condition
is always an excellent approximation. Therefore, a constraint on the magnitude of the average pressure p inside the proton also represents a constrain on the magnitude of the average effective gravitational pressure p G +p G+ ∼ p G+ . Although p G+ -the additional effective pressure contribution with respect to general relativity -was explicitly computed only in the case of EiBI gravity, Eqs.
(36), (37), and (38) also apply to other modified theories of gravity. Let us now consider the particular case of EiBI gravity. In combination with the dominant energy condition [34] (which implies that ρ ≥ |p|), Eq. (22) shows that the constraint |κ| < |p| −1 must be always satisfied in order that τ remains finite. Hence, the measurement of an average peak pressure around 10 35 Pa, near the center of the proton, may be translated into the following upper limit on |κ| |κ| ∼ < c
This limit is roughly one order of magnitude stronger than that obtained from the predicted core density of neutron stars [28] (note that we explicitly included the factor of c 4 in Eq. (39) before evaluating the upper bound on |κ| in units of the International System).
We will now show that the limit given in Eq. (39) may be significantly improved with precise measurements of the first and second moments of the pressure distribution inside the proton ( p and p 2 , respectively). Using Eqs. (19) to (22) , it is possible to show that the apparent pressure is equal to
where p ≡ T The energy-momentum tensor of the proton is not that of a perfect fluid. If the proton were a spherically symmetric spin-0 particle, the non-zero components of the energy-momentum tensor would be
in a static frame where the proton is at rest (here, [r, θ, φ] are spherical coordinates). In this case, Eqs. (26) and (28) would remain valid, but τ would now given by
Expanding Eq. (40) up to first order in κρ, κp r and κp ⊥ , using also Eqs. (41) and (42), one obtains that
where p = (p r + 2 p ⊥ )/3, and p G+ is always positive for κ > 0 and always negative for κ < 0. Therefore,
Using Eqs. (22) and (40) it is possible to show that Eq. (44) holds (up to first order in κT µ ν ) even in the presence of off-diagonal contributions to the energy-momentum tensor, such as those associated to the spin of the proton -these off-diagonal contributions would only add new terms of the form (κT µ ν )
2 /2, with µ = ν, to Eq. (43). Equations (43) and (44) also imply that
or, equivalently, that
where the dimensionless parameter
represents a quantitative measure of the impact of gravity on the interior structure of the proton. Taking into account that (p− p )
is always verified. Hence, Eq. (46) implies that |κ| ≤ 1/ p 2 . However, this is always a weaker constraint than |κ| ≤ |p peak | −1 (given in Eq. (39)). Therefore, in order to be able to take full advantage of Eq. (46), both the first and the second moments of the pressure distribution inside the proton need to be measured with sufficient precision.
In [2] the authors report that Eq. (2) is satisfied within the uncertainties of the measurement of the pressure distribution inside the proton. Here, we are implicitly assuming that the measured quark pressure -which does not include the gluon pressure, the other major contribution to the proton interior pressure profile -is proportional to the physical pressure p inside the proton (future experiments, such as the Electron Ion Collider [35] , should be able to constrain the contribution of the gluons). However, present uncertainties on the radial pressure profile inside the proton are still large [2] , not allowing for the use of the relation provided in Eq. (46) to significantly improve upon the constraint given in Eq. (39). Nevertheless, more precise reconstructions of the pressure distribution inside the proton, which will be made possible in the near future [7] , are expected to yield useful constraints on ξ and, therefore, to lead to stronger limits on modified gravity theories (including tighter constraints on the EiBI parameter κ).
V. CONCLUSIONS
In this paper we have shown that the recent measurement of the pressure distribution experienced by the quarks inside the proton may be used to constrain modified theories of gravity in which the strength of the gravitational field on microscopic scales is enhanced with respect to general relativity. We applied these results to the particular case of EiBI gravity, showing that strong limits on the single additional parameter of theory with respect to general relativity κ may be derived from the measurement of the interior pressure profile of the proton. We have also shown how these limits may be significantly improved with precise measurements of the first and second moments of the pressure distribution inside the proton.
